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Abstract 
 
A novel hybrid-driven mechanical press for precision drawing is presented. This new press is composed of a nine-

bar linkage which has two degrees of freedom determined by inputs from a dc constant speed motor and a dc servomo-
tor. Therefore, the generalized coordinates are the angular displacement of two cranks. The kinetic energy, potential 
energy and generalized torques are analyzed. According to the equivalent circuit of the dc motor and the brushless 
servomotor, their dynamical model and position negative feedback model are developed separately. Then, a dynamical 
model for the hybrid-driven press is developed by using Lagrange’s formulation. The dynamical equation is then trans-
formed into a system of first order equations. Six first order differential equations are obtained in the state variables. In 
the end, the fourth fourth order Runge-Kutta method, an explicit method, is chosen as the integration technique of com-
puter simulation. Two motors’ current, two cranks’ position and two cranks’ angular velocity are treated as unknowns 
and the time response of the hybrid-driven press is obtained by integrating the system of first order equations through 
time. 
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1. Introduction 

Mechanical presses are widely used in the metal 
industry. A crank press consisting of a slider-crank 
linkage is unsuitable for precision drawing because it 
lacks a constant working velocity [1]. Therefore, in 
order to obtain a constant working velocity, mechani-
cal press manufacturers have developed multi-links 
presses. These attempts have focused on increasing 
the approach and return velocity. To slow down the 
slider velocity in the working stroke, it is important to 
obtain constant working speeds or make the load-
stroke characteristics suitable for a special application. 
The multi-links presses, however, do not have flexi-
bility for different drawing technology [2]. In order to 

provide for the more suitable load-stroke characteris-
tics, many researchers have developed a flexible press 
which uses a servomotor as the prime mover [3-6]. 
However, the force capabilities of servomotors are 
usually limited. Recently, many researchers have paid 
more attention to a hybrid-driven mechanism. The 
main idea of hybrid-driven linkage is to combine the 
motion of a large constant velocity motor with a small 
servomotor via a two degree of freedom mechanism. 
The constant velocity motor provides the main power 
and motion requirement, while the servomotor acts as 
a low power motion modulation device. Therefore, 
the hybrid-driven linkage can provide for program-
mable motion output. The idea of hybrid-driven link-
age was initially presented by Tokuz and Jones [7-10]. 
They used a differential gearbox as the hybrid 
mechanism to drive a slider-crank linkage. 
Greenough and Brashaw [11] took a seven bar 
mechanism as the hybrid linkage to generate a dwell 
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motion. Conner [12] synthesized a hybrid mechanism 
using a genetic algorithm. Kirecci and Dulger [13, 14]  
proposed a hybrid actuator. In the study, an arrange-
ment consisting of a planar two degree of freedom, 
seven-link mechanism is driven by a constant speed 
motor and a servomotor. The dynamic behavior of 
hybrid actuator was studied by applying numerical 
simulation to the whole system. Lagrangian mechan-
ics was applied to derive equations of motion. Simu-
lation results were presented to demonstrate the abil-
ity of model developed with PID controller action. 
Herman [15] presented a hybrid cam mechanism. The 
hybrid cam mechanism adds much flexibility to the 
system requiring only small peak power and peak 
torque from the servomotor. Seth and Vaddi [16, 17] 
introduced the concept of programmable function 
generator mechanism. Li and Zhang [18, 19] investi-
gated the feasibility of hybrid-driven mechanical 
presses. The scheme of a hybrid-driven mechanical 
press is put forward. A hybrid-driven nine-bar me-
chanical press for precision drawing is presented. The 
hybrid-driven mechanical press for precision drawing 
is optimized by a two step optimization. The dimen-
sion of the linkage and the motion rules of servomo-
tor are obtained. By properly optimizing the dis-
placement trajectory of the servomotor, the output 
motion of the slider can pass through the desired tra-
jectories. Therefore, hybrid-driven mechanical 
presses have flexible output motion characteristics 
suitable for precision drawing. The advantages of a 
hybrid-driven mechanical press are analyzed. 

In this study, the dynamics of a hybrid-driven nine-
bar press, which is driven by a DC motor and a brush-
less servomotor, is studied by mathematical modeling 
and simulation. Then, the dynamic equations of this 
system are derived and solved numerically. The 
fourth fourth order Runge-Kutta method, an explicit 
method, is chosen as the integration technique of 
computer simulation. Simulation results are obtained 
for a motion profiles. In the end, the simulation re-
sults are presented and discussed. 
 

2. Mathematical model for a hybrid-driven 
mechanical press 

2.1 Forward kinematics analysis of hybrid-driven 
nine-bar press 

A hybrid-driven nine-bar press, shown in Fig. 1, is 
composed of a planar five-bar mechanism, a slider-
crank linkage and a connection link. The crank 1L  is 

driven by a constant velocity motor. The crank 4L  is 
driven by a servomotor. Link 5L  is the fixed link. The 
x -axis of the coordinate system in Fig. 1 is set along 
the vertical direction. The coordinate axes are fixed at 
point A . In order to improve the load characteristics 
of the slider, we take the point at which 72L  and 

8L are lined up in a straight line, at the BDC (Bottom 
Dead Center) of the slider and take BDC as the be-
ginning point of the displacement. 

According to Fig. 1, loop vector equations are 
given as follows: 

 

1 2 5 4 3L L L L L
→ → → → →
+ = + +   (1) 

1 2 71 6L L AG L L
→ → → → →
+ = + +   (2) 

72 8L L GF
→ → →
+ =   (3) 

 
From Eq. (1)-(3), the following equations are ob-

tained: 
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⎪ + + = −
⎪

+ + =⎪⎩

  (4) 

 
where 1L , 2L , 3L , 4L , 5L , 6L , 71L , 72L , 8L ,δ  are the 
dimension parameters of the mechanism as shown in 
Fig. 1. S  stands for the displacement function of the 
slide required by deep drawing process, ( )S S t= ; 

0S  is given as follows: 
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Fig. 1. Schematic drawing of the sample heat exchanger. 



2438  H. Li et al. / Journal of Mechanical Science and Technology 22 (2008) 2436~2444 
 

 
 

0 72 8S L L= +   (5) 
 
By solving Eq. (4), angular positions 2φ , 3φ , 4φ , 

6φ , 71φ , 8φ  and slider displacement S  are ob-
tained. Intermediate steps for the kinematics analysis 
can be seen in [20]. Having found the angular dis-
placements of each link in the nine-bar linkage, time 
derivatives can be taken to find angular velocity and 
accelerations. They are definitely needed during the 
analysis of the dynamic model. They are given as 
follows: 
 

4 3 4 4 1 1 3 1
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2 3 2
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3 3 2

1 1 71 1 2 2 71 2
6

6 6 71

1 1 6 1 2 2 6 2
7

71 71 6

72 7 71
8

sin( ) sin( )
sin( )

sin( ) sin( )
sin( )

sin( ) sin( )
sin( )

sin( ) sin( )
sin( )

cos( )

L L
L

L L
L

L L
L

L L
L
L

φ φ ω φ φ ωω
φ φ

φ φ ω φ φ ωω
φ φ

φ φ ω φ φ ωω
φ φ

φ φ ω φ φ ωω
φ φ

ω φ δω

− + −=
−

− + −=
−

− + −=
−

− + −=
−

− +=
8 8

72 71 7 8 8 8

cos
sin( ) sin

L
S L L

φ
φ δ ω φ ω

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪ = + +⎩

  (6) 
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 (7) 
 

2.2 Coupled system equations for the nine-bar linkage 

A mathematical model for a nine-bar mechanism is 
developed by using Lagrange’s formulation. The 
system’s equation of motion is derived by using ex-
pressions for the system energy function, its partial 
and time derivatives with respect to the defined gen-
eralized coordinates. The mechanism operates in the 
vertical plane and gravity effects are included. Ideal 
operating conditions are assumed for modeling and 
computational ease, and motor loss effects are not 
included in the formulation.  

In Fig. 1, iL  denotes the length of the thi  links. 
Using input angles 1φ  and 4φ as the generalized 
coordinates describing the motion of the two DOF 

nine-bar mechanism ( 1 1 2 4,q qφ φ= = ), Lagrange’s 
equation can be given as  
 

d ( ) ( 1,2)
d k

k k k

E E V Q k
t q q q
∂ ∂ ∂− + = =
∂ ∂ ∂

  (8) 

 
where E  is the kinetic energy, V is the potential 
energy, Qk  is the generalized torque on link 1 and 
link 4, and kq  is the generalized coordinate. 

The kinetic energy can be expressed as 
 

( )
9

2 2 2

1
5

1 1
2 2i Si Si i i

i
i

E m x y J φ
=
≠

⎡ ⎤= + +⎢ ⎥⎣ ⎦
∑   (9) 

 
where iφ  is the angular velocity of link i , Six  and 

Siy  are the x  and y  velocity components of its 
center of mass of link i . Then, iφ , Six  and Siy  can 
be written as 
 

1 2
1 2

i i
i q q

q q
φ φφ ∂ ∂= +
∂ ∂

  (10) 

1 2
1 2

1 2
1 2

Si Si
Si

Si Si
Si

x xx q q
q q
y yy q q
q q

∂ ∂⎧ = +⎪ ∂ ∂⎪
⎨ ∂ ∂⎪ = +
⎪ ∂ ∂⎩

  (11) 

 
By substituting Eq. (3) and (4) into Eq. (1), 

 
2 2

11 1 12 1 2 22 2
1 1
2 2

E J q J q q J q= + +   (12) 
 
where 11J 、 12J 、 22J  are the equivalent moment of 
inertia of the two DOF nine-bar mechanism. These 
relationships are included in the Appendix. 

The potential energy of the mechanism can be ex-
pressed as 
 

1 1 2 2 3 3 4 4

6 6 7 7 8 8 9 9

S S S S

S S S S

V m gx m gx m gx m gx
m gx m gx m gx m gx

= − − − −
− − − −

   (13) 

 
where im  represents the mass of the link i , g  
represents the gravity constant, Six  represents the 
location of the centers of mass of the link i in axis x , 
and S  represents the displacement of the slider. 

According to the principle of virtual work, the gen-
eralized torque Qk  can be given as 

 

1
1 1

2
4

2

d

d

SM Q
Q q
Q SM Q

q

∂⎡ ⎤+⎢ ⎥∂⎡ ⎤ ⎢ ⎥=⎢ ⎥ ⎢ ⎥∂⎣ ⎦ +⎢ ⎥∂⎣ ⎦

  (14) 

 
where 1dM  is the external input torque on the crank 
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1L , 4dM  is the external input torque on the crank 4L , 
and Q  is the forming force of the slider. 

Differentiating Eq. (12) and (13) and substituting 
them into Eq. (8), yields 

 
211 11

11 1 12 2 1 1 2
1 2

212 22
2

2 1 11

2 212 11
22 2 12 1 1

1 2

212 22
1 2 2

1 2 2

1
2

1
2
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q q q

∂ ∂⎡ ⎤+ + +⎢ ⎥∂ ∂⎢ ⎥
⎢ ⎥⎛ ⎞∂ ∂ ∂+ − +⎢ ⎥⎜ ⎟∂ ∂ ∂⎡ ⎤ ⎢ ⎥⎝ ⎠=⎢ ⎥ ⎢ ⎥

⎛ ⎞∂ ∂⎣ ⎦ ⎢ ⎥+ + −⎜ ⎟⎢ ⎥∂ ∂⎝ ⎠⎢ ⎥
∂ ∂ ∂⎢ ⎥+ + +⎢ ⎥∂ ∂ ∂⎣ ⎦

 (15) 

 
This is a second order, nonlinear differential equa-

tions system describing the mechanism motion as 
represented by generalized coordinates 1q  and 2q . 
Eq. (15) is the coupled equations. Intermediate steps 
of derivation and the derivate terms can be found in 
[20]. 

Eq. (15) can be transformed into, 
 

2 2
1 0 11 1 12 1 2 22 2

2 2
2 0 11 1 12 1 2 22 2

q A A q A q q A q
q B B q B q q B q
⎧ = + + +⎪
⎨ = + + +⎪⎩

  (16) 

 
where 0A , 0B , 11A , 11B , 12A , 12B , 22A , 22B  are the coef-
ficients of the second order differential equation. 
These coefficients are given in the Appendix. 

 
2.3 Mathematical model for the DC motors 

Fig. 2 shows a DC motor, including a geared 
speed-reducer having a gear ratio of 

 
bk ak

k
ak bk

Tn
T

ω
ω

= = （ 1k = , 2）  (17) 

 
where akω  is the angular velocity of the input shaft 
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Fig. 2. Geometric details of the fin and tube. 

ka , bkω  is the angular velocity of output shaft kb . In 
Fig. 2, the input to the motor-gear system is voltage 

kU , and the output of the system is the torque 
bkT which is equal to dkM  as defined in Eq.(14). 
kR , kL , ki  are the armature resistance, inductance 

and current, respectively. The shaft kb  is connected 
to drive the crank 1L  and crank 4L  of the mecha-
nism, respectively. kB  is a damping coefficient due 
to a possible viscous bearing friction, LkT is a con-
stant mechanical load, due to brush friction, gear fric-
tion or dry bearing friction , for instance. hkJ  is the 
combined moment of inertia of the motor rotor , the 
speed reducer, and the flywheel. Since two different 
DC motor types are studied, the same motor equa-
tions are used and the different motor data are utilized. 
Here k  is equal to 1 for a DC motor and 2 for a 
brushless servomotor, respectively, throughout the 
work. hkJ is given as follows: 

 
hk mk Rk fkJ J J J= + +   (18) 

 
where mkJ  is the moment of inertia of the motor 
rotor, RkJ  is the equivalent moment of inertia of the 
speed reducer, fkJ is the moment of inertia of the 
flywheel. 

From Kirchhoff’s voltage law, 
 

d
d

i
k k k mk k

iU R i L e
t

= + +   (19) 

 
where ke is the generated electromotive force of the 
motor. 

Using a Newtonian equation for the mechanical 
load, we have 
 

d( )
d

ak
bk k mk Lk k ak hkT n T T B J

t
ωω= − − −   (20) 

 
where mkT  is the magnetic motor torque, kn  is the 
gear ratio defined by Eq. (17). The magnetic torque 
and the generated electromotive force are given as, 

 
mk tk kT k i=   (21) 

k ek ake k ω=   (22) 
 

where tkk  is the motor torque constant, and ekk  is 
the motor voltage constant. Observing that 

 
ak k bk k kn n qω ω= =   (23) 
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Substituting Eqs. (21)-(23) into Eqs. (19) and (20), 
we find 

 
k k k k k ek k

mk

di U R i n k q
dt L

− −=   (24) 

2 2
bk k tk k k Lk k k k k hk kT n k i n T n B q n J q= − − −   (25) 

 
Eqs. (24) and (25) are the mathematical models of the 
motor dynamics. 

When the motor is controlled by the PID position 
closed loop, the voltage iU  can be given as 

 

0
( ) ( ) ( )

t

k pk kic k dk kic k Ik Kc kU k q q k q q k q q dt= − + − + −∫   (26) 

 
where pkk  is the proportional gain constant, dkk  is 
the derivative gain constant, Ikk  is the integral gain 
constant. kcq  and kcq  are the ideal angular dis-
placement and ideal angular velocity of the crank 

kL respectively, and kq  and kq  are  the actual 
angular displacement and actual angular velocity of 
the crank kL , respectively. 

Substituting Eq. (26) into Eq. (24) , 
 

( )0
( ) ( ) ( )d ( 1,2)

d

t

pk kc k dk kc k Ik kic k k k k ek k
k

mk

k q q k q q k q q dt Ri n k qi k
t L

− + − + − − −
= =

∫  

 (27) 
 
Eq. (27) is the PID control model of the servomotor 

dynamics. The proportional gain constant pkk , the 
derivative gain constant dkk  and the integral gain 
constant Ikk  are optimized by running the simulation 
software with real mechanism parameters and motor 
data [20]. 

 
2.4 Mathematical model for the electromechanical 

coupled system of the press  

Combining Eq. (16) and (27), 
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 (28) 
 
Let, 

1 1 2 2 3 1 4 2 5 1 6 2, , , , ,x q x q x q x q x i x i= = = = = =  
 
Then, Eq. (28) can be transformed into a system of 

first order equations, 
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k x k x k x dt R x n k x
x

L
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⎪
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⎨
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∫

∫

⎪
⎪
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⎪
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⎪

  

  (29) 
 
3. Simulation results and discussion 

The dynamic behavior of this system is studied by 
using numerical methods. The fourth order Runge-
Kutta method is chosen as the integration technique. 
This is commonly employed method for integration 
of the a system of nonlinear equations. The motor 
current, the angular displacement, and the angular 
velocity of the crank are treated as unknowns, and the 
time response of the motor-mechanism system is 
obtained by integrating the system of first order equa-
tions through time. 

The initial constant for the variables in Eq. (29) is 
zero. The motor and mechanism parameters of the 
hybrid driven press are given in Table 1, Table 2 
[21] and Table 3. The gear ratios 1n  and 2n de-
fined in Eq. (17) are 10 and 20, respectively. The 
equivalent moment of inertia 1RJ + 1fJ  defined in 
Eq. (18) is equal to 232 kgm . The proportional gain 
constant and derivative gain constant are obtained 
by using optimization technique [20]. The optimum 
results are found to be 1 1 1[ , , ]T

p d Ik k k =  [270.2,3.4,0]T  
and 2 2 2[ , , ] [180.5,2.67,0]T T

p d Ik k k = , respectively. 
The motion cycle is 0.6 second and the simulation 
time is taken as two motion cycles. The simulation 
time step is 0.1667ms. The forming force of the 
press is given in Fig. 3. Since zero initial conditions 
are given for the motor current, the crank angle dis-
placement and the crank angular velocity, transients 
are observed in the simulation results. The steady-
state is then achieved in one motion cycle. Fig. 4(a), 
(b), (c) show the simulation results for the crank 

1L (angular displacement, velocity, acceleration). The 
constant speed motor rotates at 1000 rpm and crank  
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Table 1. DC motor parameters. 
 

DC motor model Z4－132－2 
Rated power eP  11 KW 

Rated voltage eU  440 V 
 Rated current eI  30.7 A 

Rated speed/maximum speed max/en n  1000/2000 r/min
Moment of inertia 2GD  1.6 kg.m2 

 Winding resistance 1R  1.62 Ω 
 Winding inductance 1mL  7.8 310−×  H 

 Motor voltage constant 1ek  5.7 V/rad/s 
 Motor torque constant 1tk  4.3572 Nm/A 

 Efficiency η  88.7% 

 
Table 2. DC servo motor parameters. 
 

Rated power eP  3 KW 
Maximum operating speed maxn  3000 r/min 

Rotor moment of inertia 2mJ  6.8 410−×  kg.m2 
Winding resistance 2R  0.8Ω 

Winding inductance 2mL  5.8 310−×  H 
Motor voltage constant 2ek  0.8598 V/rad/s 
Motor torque constant 2tk  0.76 Nm/A 
Continuous stall torque eT  10.2 Nm 

Peak torque pT  19.7 Nm 

 

 
 
Fig. 3. Schematic drawing of the test facility. 

  
(a) Crank angle 1φ  

 

 
 

(b) Angular velocity 1ω  
 

 
 

(c) Angular acceleration 1ε  
 
Fig. 4. Sketch showing the installation of the sample. 

 
 Table 3. Nine-bar mechanism parameters. 

 
parameters Link 1 Link 2 Link 3 Link 4 frame 5 Link 6 Link71 Link72 Link 8 Slider7 δ  
Link length 

iL (mm) 54.2 423.2 423.2 53.2 423.2 216.1 216.1 284.55 324.15  28.3

Radius ir (m) 0.025 0.025 0.025 0.025  0.025 0.025 0.025 0.025   
Mass im (kg) 0.1323 1.037 1.037 0.1323  0.5295 0.5295 0.6973 0.7943 20  

Moment of 
inertia 
iJ (kg.m2) 

0.3043 0.1548 0.1548 0.0076  4.2721 0.0595 0.0069   
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(a) Crank angle 4φ  
 

 
 

(b) Angular velocity 4ω  
 

 
 

(c) Angular acceleration 4ε  
 
Fig. 5. Sketch of typical condensate drainage patterns. 

 

1L  has 100 rpm at the end. Fig. 5(a), (b), (c) show 
the simulation results for the crank 4L  (angular dis-
placement, velocity, acceleration). Fig. 6(a), (b), (c) 
show the simulation results for the slider (slider dis-
placement, velocity and acceleration). The observa-
tion is made from Fig. 4(a), (b), (c), that the output 
velocity, acceleration response curve of the constant 

 
 

(a) Slider displacement 
 

 
 

(b) Slider velocity 
 

 
 

(c) Slider acceleration 
 
Fig. 6. Effect of inclination angle on j and f factors. 

 
speed motor is regarded as oscillatory. This behavior 
is simply caused by initial conditions given as zero 
and the effect of the forming force. The tracking per-
formances for angular displacement, velocity of crank 

4L  driven by the servomotor is very good in the 
second cycle. Simulation results of the slider are well 
correlated with the reference points. 
 



 H. Li et al. / Journal of Mechanical Science and Technology 22 (2008) 2436~2444 2443 
 

  
 

 
4. Conclusion 

In this work, the theoretical investigation of a hy-
brid-driven press with its dynamics has been de-
scribed. A study was performed to model, simulate 
and control a hybrid-driven precision press driven by 
a dc motor and a brushless servomotor. According to 
the Lagrange equation, a mathematical model for the 
hybrid-driven press was developed. Then the mathe-
matical model was solved and simulated by using 
numerical method. Better correlations between the 
simulated results and given command were obtained. 
Therefore, the feasibility of the hybrid-driven press 
for precision drawing is verified in theory and by 
computer simulation. 
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Appendix 

The kinetic energy E  can be expressed as, 
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Explicit forms of 0A , 0B , 11A , 11B , 12A , 12B , 

22A , 22B  are given as follows: 
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